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ABSTRACT. In this paper, we introduce the notion of relative fuzzy
annihilator ideals in a distributive lattice. It is proved that the set of all
fuzzy annihilator ideals of a distributive lattice L forms a complete Boolean
algebra. The concept of fuzzy annihilator preserving homomorphism in a
distributive lattice also presented in this paper.
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1. INTRODUCTION

J . Hashimoto [3] developed a theory of lattice ideals making effort to evolve this
algebraic theory like that of rings. Latter G. Gratzer and E. T. Schmidit [2] have
studied on ideal theory for latices. In 1970, M. Mandelker [6] studied relative anni-
hilators and characterized distributive lattices with the help of these annihilators.

On the other side, L. A. Zadeh [12] mathematically formulated the fuzzy subset
concept. A. Rosenfeld has developed the concept of fuzzy subgroup [8], W. J. Liu
initiated the study of fuzzy subrings, and fuzzy ideals of a ring [5]. B. Yuan and W.
Wu [11] introduced the notion of fuzzy ideals and fuzzy congruences of distributive
lattices. Latter, U. M. Swamy and D. V. Raju studied properties of fuzzy ideals and
congruences of lattices [10]. In recent time, H. K. Saika and M. C. Kalita studied
on annihilator of fuzzy subsets of modules [9].

In this paper, we introduce the notion of fuzzy annihilator ideals in distributive
lattices and study basic properties of fuzzy annihilators. It is proved that the set of
all fuzzy annihilator ideals of a distributive lattice L forms a complete Boolean al-
gebra. The concept of fuzzy annihilator preserving homomorphism in a distributive
lattice also presented in this paper. A sufficient condition for a homomorphism to
be fuzzy annihilator preserving is derived. In addition, we prove that the image and
pre-image of fuzzy annihilator ideals are also fuzzy annihilator ideals.
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2. PRELIMINARIES

Throughout this paper L stands for the distributive lattice with least element 0
unless it is specified. We refer to G. Birkhoff [1] for the elementary properties of
lattices.

Remember that, for any set A, a function p: A — ([0, 1], A, V) is called a fuzzy
subset of A, where [0, 1] is a unit interval, « A § = min(a, 8) and oV 8 = maz(a, B)
for all o, 8 € [0,1].

Definition 2.1 ([8]). Let p and 6 be fuzzy subsets of a set A. Define the fuzzy
subsets p U@ and NG of A as follows: for each x € A,

(U 0)(z) = p(x) v O(x) and (uN0)(x) = p(x) AO(x).
Then 1 U6 and p N 6@ are called the union and intersection of p and 6, respectively.

For any collection, {y; : i € I} of fuzzy subsets of X, where I is a nonempty index
set, the least upper bound | J;.; pi and the greatest lower bound (1, i of the p;’s
are given by for each x € X,

(Uier #i)(@) = Vier pilz) and (Mg i) (@) = Njey pi(2),
respectively.
We define the binary operations ”V” and ”A” on the set of all fuzzy subsets of L
as:
(uV0)(x) = Sup{u(y) N0(z) :y,z € L, yV z =z} and
(kN O) (@) = Sup{u(y) NO(2) :y,z € L, y Az = x}.
If 1 and @ are fuzzy ideals of L, then uAf = N6 and V0 is a fuzzy ideal generated
by puU#6.
For each t € [0, 1], the set
=o€ A: () >t}
is called the level subset of p at t [12].
Note that a fuzzy subset p of L is nonempty if there exists z € L such that

p(x) # 0.

Definition 2.2. [8] Let f be a function from X into Y; p be a fuzzy subset of X;
and 6 be a fuzzy subset of Y. The image of u under f, denoted by f(u), is a fuzzy
subset of Y and

F)(y) = {

where y € Y. The preimage of § under f, symbolized by f~1(6), is a fuzzy subset
of X and

Sup{u(z):x e [~ (y)},if [~ (y) #¢

. )
0, otherwise

FH0)(x) = 0(f(x)) for all z € X.

Theorem 2.3 ([7]). Let f be a function from X into Y. Then the following asser-
tions hold.

(1) For all fuzzy subset p; of X, i € I, f(U;ertts) = User f(pi) and so

p1 C pa = f(u1) C fp2).
2
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(2) For all fuzzy subset 6, of Y, j € J, ffl(UjeJ 0;) =Ujes 7740y), f’l(ﬂjeJ 0;) =

njeJ f71(9j) and therefore 01 C 0y = f~1(01) C f~1(02).

(3) u C f~Yf(w). In particular, if f is an injection, then p = f=*(f(n)), for
all fuzzy subset u of X.

(4) f(f~10)) C 0. In particular, if f is a surjection, then f(f=1(0)) =6, for
all fuzzy subset 6 of Y.

(5) f(u) €O < puC f710), for all fuzzy subsets u and 6 of X and Y respec-
tively.

Definition 2.4. [10] A fuzzy subset u of a lattice L is said to be a fuzzy ideal of L,
if for all z,y € L,

(i) u(0) =1,

(i) p(z Vy) > p() A ply),

(iil) p(z Ay) = (@) v p(y).

In [10], Swamy and Raju observed that, a fuzzy subset u of a lattice L is a fuzzy
ideal of L if and only if

1(0) =1 and p(z Vy) = p(z) A u(y) for all z,y € L.

The set of all fuzzy ideals of L is denoted by FI(L).

Let p be a fuzzy subset of a lattice L. The smallest fuzzy ideal of L containing u
is called a fuzzy ideal of L induced by p and denoted by (u] and

(4] = {0 € FI(L) : u C 6},
This definition can be stated as follows.
Theorem 2.5 ([1]). Let u be a fuzzy subset of L. The fuzzy subset (1] of L define

by
(u)(z) = Sup{a € [0,1] : © € (o]}, for all ze€ L

is the fuzzy ideal induced by p.

3. RELATIVE FUZZY ANNIHILATORS

In this section, we give the definition of relative fuzzy annihilator of a lattice L .
We also prove that the set of fuzzy annihilator ideals of L forms a complete Boolean
algebra.

Definition 3.1. Let p be a nonempty fuzzy subset of L and 6 be a fuzzy ideal of
L. The fuzzy annihilator (u,0) of u relative to 0 is defined:
(1,0) = Sup{n:n € [0,1]", nApC 0}
Lemma 3.2. For any two fuzzy subsets p and 6 of a distributive lattice L, we have
(1A 8] = (] A (6],

Proof. Let p and 6 be fuzzy subsets of L. We need to show (u A 0] = (u] A (6].
We know that (u A 6] is the smallest fuzzy ideal containing p A 6. Clearly we have
that A8 C (u] A (0. Since (u] A (0] is a fuzzy ideal containing p A 6, we get
(A 6] C (] A (6]. Now we proceed to show (u] A (0] C (i A 6)]. For any x € L, the
value of the fuzzy ideal generated by a fuzzy subset u is

(n](x) = Sup{t g [0,1]: 2 € (e}
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In a distributive lattice L, for any subsets A and B of L, we have (AAB] = (4] A (B],
where ANB={aAb:a€ A, be B}.
Since (u] and (6] are fuzzy ideals, we have (u] A (6] = (1] N (0]. Now,
(A @)() = (ul(z) A (0)(2)
= Sup{t1 € [0,1] : & € (s, ]} N Supfta € [0,1] : 2 € (61,]}
= Sup{tl Ntp:x e (l“[’tl]’ T e (9752]}

< Sup{t:z € (u] N (0:]}
< Sup{t:z e ((uNB)]} Since i A6 C (uAb):
= (unb)(x)
Thus (u] A (0] C (uA6]. So (u] A (0] = (A0 O

Now we prove the following lemma.

Lemma 3.3. Let p be a nonempty fuzzy subset of L and 0 be a fuzzy ideal of L.
Then

(1,0) = Sup{n:n e FI(L), n A C 0}.
Proof. Clearly, Sup{n :n € FI(L), n Au C 0} < Sup{d : 6 € [0,1], 6 Apu C 6}.
Again,
(1, 0)(x) = Sup{n(z):ne0,1]", nApcCo}
Sup{(n|(x) : (n € FI(L), (n] A € 0}, since (nAp] = (n] A (4.
Thus (u,8) C Sup{n:n e FI(L), n A C 6}. So
(1,0) = Sup{n:me€ FI(L), n A\ C 0}

IN

O

Theorem 3.4. Let p be a nonempty fuzzy subset of L and 0 be a fuzzy ideal of L.
Then (u,0) is a fuzzy ideal of L.

Proof. Let p be a nonempty fuzzy subset of L and 6 be a fuzzy ideal of L. Since
O A C0and0(0) =1, we get

(1, 0)(0) = Sup{n(0) : n € FI(L), n A p C 0} = 6(0) = 1.

Again for any z,y € L,
{1, 0)(x) A (p, 0)(y)
= Sup{n(x) :n € FI(L), nANp SO0} A Sup{o(y):0 € FI(L), o ApC 0}
= Sup{n(x) No(y) :n,0 € FI(L), nAp S0, o Ap C 0}
< Sup{(nVo)(@)A(nVo)y):noeFI(L), nApC O, oApCo}.
For each n,0 € FI(L) such that nApu C @ and c Ap C 0, nVo € FI(L) and
(nVo)AuCh. Then

(1, 0) () A {1, 0)(y)

IN

Sup{\(z) ANy): A€ FI(L), A\Au C 6}
Sup{A\(zVy): Ae FI(L), A\Apu C 6}
= (m0)(zVy).

Thus, (u,0)(zVy) = (u,0)(x) A {p, 9)(3/)-4
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Now we show (1, 0)(x) < (1, 0)(z Ay) and (1, 0)(y) < {(p, 0)(z A y).

(1, 0)(x) = Sup{n(x):ne€ FIL), nApC b}
< Sup{n(xAy):ne FI(L), nApC 0}
= (w0)(zNy)
Similarly, (u,0)(y) < (u,0)(x Ay). So (u,0)(x Ay) = (u,0)(x) V (u,0)(y). Hence
(1, 0) is a fuzzy ideal of L. O

Example 3.5. Consider the distributive lattice L = {0, a, b, 1} whose Hasse diagram
is given below.
1

0

A fuzzy subset 6 of L defined by 6(0) = 1, 6(a) = £, 6(b) = 3, 6(1) = % isa

fuzzy ideal. Let p be a fuzzy subset of L defined as: u(0) = 1, u(a) = %, p(b) =

1. u(1) = 4. Next we can easily find the value of (u,6)(x) for each x € L. For
1

any 1 € [0,1]Y with n A g C 6, we can determine the value of n(x). Then we have
(1,0)(a) = (1,0)(1) = 5, (1,0)(0) = (u,0)(b) = 1. Thus, (u,0) is a fuzzy ideal of L.

The characteristics function of any set A is defined as:

(@) 1,if x€ A
xTr) =
xa 0,if z¢ A

Lemma 3.6. Let n and 0 be fuzzy subsets and p,0 and \ fuzzy ideals of L. Then

(n,0),

nCd=(0,m C(nuw,
0= (6,1 C(9,0),
n, 1N 0) = (n, @) N {n,0),
(], 1) = (m, ),

UM; = (n, 1) N (0, ),

Proof. Let n and § be fuzzy subsets and p, 6 and A fuzzy ideals of L.
(1) Let (n,pu) = xz. We need to show n C u. Suppose not. Then there is
x € L such that n(z) > p(z). This implies that v(x) < u(x), for each v such that
v An C p. Thus p(z) is an upper bound of {y(z) : ¥ An C p}. Which implies
1= Sup{vy(z):yAn C pu} < wu(x). So p(xz) > n(x) which is a contradiction. Hence
ncp.
)
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Conversely, assume that n C p. Then clearly, xp An C 7. This implies that

xz An C p. Thus (n, u) = xr.
The proof of (2),(3) and (4) is straightforward.
(5) By (4), we have (n,uN @) C (n,u) N (n,0). On the other hand,

(n, 1) N (n,0)
= Sup{y1:m € FI(L), 1 An S p} A Sup{y2 : 72 € FI(L), 2 An C 0}
= Sup{m A2 iy, 72 € FI(L), i An C p, v2 A C 0}
Since 77 A C pu and 72 A C 6, we can find a fuzzy ideal v of L contained in 7,
and vy, such that v An C pand vy An C 6. Based on this fact, we have that
(n, 1) 0 (n,0) < Sup{y:y € FI(L), yAn S pno} = (n,uno).
Then (n, u) N (n,0) = (n,nN0).
(6) Since (y An] = (7] A (n] =y A (n)], for every v € FI(L), we have
(n, 1) = Sup{~y :v € FI(L), y An € u} = Sup{y : v A (n] € p} = ((n], ).
Then (n, ) = ((n], ).
(7) Clearly we have that (n U d, u) C (n, u) N (J, ). On the other hand,
() NG,y = (], ) O (6], 1)
Sup{yi:m € FI(L), 1 A (n] € p}
A Sup{yz : 72 € FI(L), v2 A (0] € p}
= Sup{m Av2 iy, v2 € FI(L), v A(n] € p, v2 A (6] € pt
Since y1 A (7] C p and y2 A (6] C p, we can find a fuzzy ideal v of L contained in 7
and v such that YA (5] C p and v A (8] C p. This implies that (v A ((n] Vv (d])) C u.
This shows that
() 0y < Sup{y vy A (] vV (0]) € p}
< Sup{y:yA(nUd) Cpu}
= (nUé,p).
Using property (6), we can simply prove the remaining properties. O
Let 4 be a nonempty fuzzy subset of L. Since {0} is an ideal of L, (i, x{0}) is a
fuzzy ideal of L. Let us denote (i, xfo3) by p*. Then p* is a fuzzy annihilator of u
relative to xyoy. Thus
= Sup{n:n € [0,1]", nApC xqop}-
The following lemmas can be verified easily.

Lemma 3.7. Let u be a nonempty fuzzy subset of L. Then
(2) wAp* < X0y
(3) wAp* = xqoy, whenever u(0) =1,
(4) p* A p™ = xq0y-
Lemma 3.8. Let u and 6 be nonempty fuzzy subsets of L. Then
(1) pCo=06"Cp,
(2) 0N p < xpoy & 0C
(3) OA p=xqoy & 0 C p*, whenever u(0) =1 = 6(0),
6
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(4) pCp™,
6) 1t = p.
Lemma 3.9. Let p and 0 be fuzzy ideals of L. Then
(1) (X{o})* = XL»
(2) (x£)* = xqo0}>
(3) (uv Oy = p* N 0",
(4) (uVp")* = xq0)-
Lemma 3.10. If y; € [0,1]% for every i € I, then (U;c; ii)* = Nies 1

Proof. Let {y; : i € I} be family of fuzzy subsets of L. Since p; C (|J,;; ps) for each
i (User ma)™ € g Then (Ujeq pi)™ € (Nyep 1 - Again,

(e AU = (Aw)AN w)

el jeI i€l jeI
= VA #m)Awy)
jeI el
V(G5 A )
< \/(X{o})-
jel
= X{o}
Thus (M;er 17) € (Uier 1) So (Nier 13) = (User )™ [

Now we give the definition of fuzzy annihilator ideal and prove that the set of all
fuzzy annihilator ideals is a complete Boolean algebra.

IN

Definition 3.11. A fuzzy ideal y of L is called a fuzzy annihilator ideal, if u = 6*,
for some nonempty fuzzy subset 6 of L, or equivalently, u = p**.

We denote the class of all fuzzy annihilator ideals of L by FAI(L).
Example 3.12. Let L = {0,a,b,c} and define V and A on L as follows:

VIiO|lal|lb|c AlO0|lal|b]|c
0|0jal|blc 0/0l0|0]|O
alala|b|b a|l0lalal0
b|b|b|bl|b b|0|lal|b]|c
cle|blble c|0(0]|c]|ec

Then clearly (L, A, V) is a distributive lattice with least element 0. Now define a
fuzzy subset u of L as follows: p(0) =1 = u(a) and p(b) = p(c) = 0. Thus, u is a
fuzzy ideal of L and p = p**. So u is a fuzzy annihilator ideal of L.

Lemma 3.13. Let 1,0 € FAI(L). Then

(1) pn6 = (u Vo),
(2) pnb=(uno).
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The result (2) of the above lemma can be generalized as given in the following.
If {u; : 4 € A} is a family of fuzzy annihilator ideals of L, then

(ﬂiGA i) = ﬂieA Hi-

Theorem 3.14. The set FAI(L) of all fuzzy annihilator ideals of L forms a com-
plete Boolean algebra.

Proof. For u,0 € FAI(L), define u A9 = pnN 6 and puvo = (u* N 6*)*. Then
clearly, uné, pvd € FAI(L). It can be easily observed that (FAI(L),N,V) is a
lattice. Since (x{03)* = xz and (xr)* = Xx{o}, then xqoy and xr are the least and
the greatest elements of FAI(L) respectively. Thus, (FAI(L),N,V) is a bounded
lattice.

Let p € FAI(L). Then p* € FAI(L) and p N p* = xq0y, pvVp* = xz. Thus p*
is a complement of p.

Let p, 8, n € FAI(L). We prove that puVv(0 Nn) = (uVvo) N (uvn). We first
prove that (uv@) Ny C pv(0 Nn). We have NN (p* N (ONN)*) = X0y, so that
nN (N (@nNn)*) € p* Similarly, 6 Ny N (p* N (@ Nn)*) C xqop implies that
nN(p*N@Nn)*) Co*. Then nN (u* N @ NnN)*) C p*NO*. Thus

nO (" @m0 (" N0%)" = X{oy-
That is, ("N (0N7)*) N (NN (K" NO")*) = X0y So (LN (HN7)*) S (O (w"NO7)*)".
Hence (pv0) Ny C pv(0 Nn) and so FAI(L) is a distributive lattice. Therefore
(FAI(L),N,V) is a Boolean algebra.

Next we prove the completeness. Let {u; : i € A} be a family of FAI(L). Then
(Niea ki)™ = Niea ki Thus (FAI(L),A,V,*, X103, Xz) is a complete Boolean
algebra. O

4. FuzZzY ANNIHILATOR PRESERVING HOMOMORPHISM

In this section we study fuzzy annihilator preserving homomorphism. Through-
out this section L and L denote distributive lattices with least elements 0 and 0
respectively and f : L — L denotes a lattice homomorphism.

Lemma 4.1. If p is any nonempty fuzzy subset of L and 0 is a fuzzy ideal of L,
then f({n,0)) € (f(w), f(0)). (In particular, if 0 = x{oy , then f(u*) € (f(1))*)-

Proof.

FUw0)(y) = Sup{(p,0)(x) :z € [~ (y)}
Sup{Sup{n(z):n e FI(L), nAnC0}:xe f(y)}}
Sup{f(n)(y) :mApC 0}
Sup{A(y) : A€ FI(L'), AN f(u) € f(0)}
= (f(w), F(0)(y).
Then f({u,6)) C (f(n), F(6))- O

Definition 4.2. For any nonempty fuzzy subset u of L, f is said to be a fuzzy
annihilator preserving if f(u*) = (f(u))*.
8

IN
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Theorem 4.3. If Kerf = {0} and f is onto, then f is a fuzzy annihilator preserv-
mng.

Proof. Let pu be a nonempty fuzzy subset of L. We have always f(p*) C (f(u))*.
Since Kerf = {0} and f is onto, ffl(x{ol}) = xqoy and 6 = f(f71(9)), for all
001", Lety € L. Then

(f(w)*(y) = Sup{O(y):0€ FI(L), 0Af(p) C xqoy}
TO) A f(1) € Xqory )

f YO A p) S xgoy}
YA T (xqory)}
(9

A S xqoy, f(z) =y}

([
S
RSB
P
D> D
e w
K'ﬁ

_.
<

Sup{0(f(x )) [~

< Sup{Sup{f1O)(x): [THOApC X0y} € FTHY)}
< Sup{Sup{n(z):ne FI(L), nApnC xqoy}: =€ f ' (y)}
= fu") ().
Thus (f(u))* C f(u*). So f preserves fuzzy annihilator. O

Theorem 4.4. If Kerf = {0}, then f~! preserves fuzzy annihilator.

Proof. Let pu be a nonempty fuzzy subset of L and z € L. Then

) @) = (0)(f(@)
= Supl0(f(z)):0€ FI(L'), 0 ApC xoy)

< Sup{0(f(x)): fF(f71(0) A ( Y1) S xqoy )
= Sup{f~(O)(x): T O) A1) C xqoy}
< Sup{n(z):n € FI(L), 77/\ “Hw) € xqoy}

= (71 (w)*(x).
Thus f~(u*) € (f~())*. Similarly, (f = (u))* € f~ (u*). So f~H(u*) = (F " (n)*

Theorem 4.5. Let f be a fuzzy annihilator preserving epimorphism and Kerf =
{0}. Then we have:

pt=0" < (f(n)" = (£(0)",
for any nonempty fuzzy subsets p,0 of L.

Proof. Let p and 6 be two nonempty fuzzy subsets of L such that u* = *. Since f
is annihilator preserving, it gives (f(u))* = (f(9))*.
Conversely, suppose that (f(u))* = (f(0))*. We know that p
each fuzzy subset p of L. Let x € L. Then p*(z) < (f(u))*(f(z)
9

)
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This implies
pix) < (£(0)"(f(x))

([

S
ESTS
_~— =
= 3

)
F@): FE ) A F0) S xgory }
(

:AEFI(L), A\AO C xq03}

IN
5
i
—~
=
8

= 0"(x).
Thus p* C 6*. Similarly, 6* C p*. So pu* = 6* U
The following theorem can be verified easily.

Theorem 4.6. (1) If f is fuzzy annihilator preserving and onto, then f(u) is a
fuzzy annihilator ideal of L, for every fuzzy annihilator ideal p of L.

(2) If £~ preserves annihilator, then f=1(u) is a fuzzy annihilator ideal of L, for
every fuzzy annihilator ideal 1 of L.
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